We study the effect of the electromagnetic environment on the resonance frequency of plasmonic excitations in dimers of interacting metallic nanoparticles. The coupling between plasmons and vacuum electromagnetic fluctuations induces a shift in the resonance frequencies-analogous to the Lamb shift in atomic physics-which is usually not measurable in an isolated nanoparticle. In contrast, we show that this shift leads to sizable corrections to the level splitting induced by dipolar interactions in nanoparticle dimers. For the system parameters which we consider in this work, the ratio between the level splitting for the longitudinal and transverse hybridized modes takes a universal form dependent only on the interparticle distance and thus is highly insensitive to the precise fabrication details of the two nanoparticles. We discuss the possibility to successfully perform the proposed measurement using state-of-the-art nanoplasmonic architectures.
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I. INTRODUCTION
The classical damped harmonic oscillator offers a paradigmatic example of the effect of the environment on the dynamics of a system. In the standard textbook case of a linear oscillator, the presence of damping forces proportional to its velocity yields a broadening of the resonance spectrum as well as a shift of its resonance frequency [1] . The quantum-mechanical analog of this phenomenon has been studied in the context of atomic physics by analyzing the effects of the electromagnetic environment (i.e., photons) onto the atomic energy levels [2] . The spontaneous emission of photons by electrons in an atom results in a finite broadening of their energy levels. In parallel, the quantum fluctuations of the electromagnetic vacuum lead to a renormalization of the atomic energy levels [3] . This Lamb shift [4, 5] is crucial for addressing the experimentallyobserved atomic spectra, and represents a milestone result in early quantum electrodynamics.
Several key concepts of atomic physics have been observed in "artificial atoms" consisting of metallic clusters [6, 7] . The collective oscillation of valence electrons in a metallic nanoparticle-called a localized surface plasmon (LSP)-has been successfully modeled as a dipolar oscillator whose harmonic response is highly sensitive to the local environment [8] . This sensitivity is exploited in a variety of devices, such as biological [9] and chemical sensors [10] , as well as in plasmon-enhanced Raman scattering, where spatial resolution down to the single-molecule level has been recently achieved [11] . LSP resonances are well known to exhibit a linewidth (which gives access to the lifetime of the collective modes) that is crucially affected by different mechanisms involving the coupling between the electronic degrees of freedom and their environment [12] . Among these effects, radiation damping due to the emission of photons from individual nanoparticles leads to a line broadening proportional to their volume, which has been extensively studied in the literature [8] . The corresponding small shift in the resonance frequency of individual LSPs, analogous to the Lamb shift in atomic physics, is however an elusive quantity to detect as it * guillaume.weick@ipcms.unistra.fr 
Qualitative sketch of the effect of the photonic environment on the resonance frequencies of hybridized bright (red arrows) and dark (black arrows) modes in metallic nanoparticle dimers. While the bright modes are blueshifted due to their interaction with the photonic environment, the dark modes, which are weakly coupled to light, are slightly redshifted. This results in an increase (decrease) of the splitting between hybridized plasmonic modes for the transverse (longitudinal) polarization.
usually competes with other effects including, e.g., the spillout of the electrons outside of the nanoparticle [7] and retardation effects associated with multipolar excitations [8] .
In this work we show that the radiative frequency shift induced by the photonic environment can be unambiguously detected in a metallic nanoparticle dimer. Such a system hosts bright and dark hybridized collective modes (see Fig. 1 ) resulting from the dipolar interaction between the LSPs in individual nanoparticles [13] . These modes have been extensively studied both theoretically [14] [15] [16] [17] [18] [19] [20] [21] [22] and experimentally [23] [24] [25] [26] [27] [28] [29] . In particular, the dark plasmonic modes in a dimer have been detected by means of electron energy loss spectroscopy (EELS) [27] [28] [29] . Here we demonstrate that the energy splitting between the bright and dark hybridized modes is highly sensitive to the photonic environment, while being essentially unaffected by fluctuations in the individual LSP resonance frequency. More specifically, by analyzing the ratio between the splitting in the longitudinal and transverse modes, we unveil a deviation from the result obtained in the absence of the elec-tromagnetic environment, which essentially only depends on the interparticle distance in the dimer. We propose an experimental methodology to detect this frequency shift and analyze its feasibility with current state-of-the-art techniques.
Our paper is organized as follows: in Sec. II we start by analyzing the radiative frequency shift in a single nanoparticle. In Sec. III we consider the case of a nanoplasmonic dimer, which constitutes the central focus of this work. We discuss the experimental observability of the effect that we predict in Sec. IV and conclude in Sec. V. Details of our calculations are relegated to the Appendixes.
II. RADIATIVE FREQUENCY SHIFT IN A SINGLE PLASMONIC NANOPARTICLE
Before analyzing the nanoparticle dimer, we start by briefly discussing the radiative frequency shift in a single plasmonic nanoparticle. Specifically, we consider a spherical metallic nanoparticle with radius a containing N e valence electrons. The nanoparticle supports three degenerate orthogonal LSPs with resonance frequency ω 0 and polarizations σ = x, y, z. For alkaline nanoparticles, and ignoring the spillout effect which is only relevant for very small nanoparticles (with a 5 nm) [8] , ω 0 is equivalent to the Mie frequency (N e e 2 /m e a 3 ) 1/2 , with e and m e denoting the electron charge and mass, respectively.
The total Hamiltonian of the system is H = H pl + H ph + H pl-ph . Here, the Hamiltonian
describes the three LSP modes, where the bosonic operator b σ acts on an eigenstate |n σ by annihilating an LSP with polarization σ as b σ |n σ = √ n σ |n σ −1 (here, n σ is a non-negative integer). The term
corresponds to vacuum photonic modes in a volume V with dispersion ω k = c|k| (c is the speed of light in vacuum),
annihilates (creates) a photon with wavevector k and transverse polarizationλ k (with k ·λ k = 0). Here and in what follows, hats designate unit vectors. In the longwavelength limit (k 0 a 1, with k 0 = ω 0 /c), the plasmonphoton minimal coupling Hamiltonian in the Coulomb gauge reads [3, 30] 
where
is the LSP momentum,
is the vector potential, and R is the location of the center of the nanoparticle. In what follows, we disregard the coupling of the LSPs to electron-hole pairs (which leads to Landau damping [8, 12, 31, 32] as well as to a small renormalization of the resonance frequency [33] ) which is only relevant for tiny nanoparticles (a 5 nm).
Treating the coupling Hamiltonian (3) up to second order in perturbation theory, we calculate the corrections to the plasmonic energy levels E n σ = E (0)
n σ , where the unperturbed contribution is E (0)
stems from the second term in the right-hand side of Eq. (3) and corresponds to a global energy shift that does not depend on the quantum number n σ and therefore does not contribute to a modification of the LSP resonance frequency. The second-order correction
is associated with the first term in the right-hand side of Eq. (3) and arises due to the emission and reabsorption of virtual photons by the plasmonic state |n σ . In the expression above, the summation excludes the term for which ω k = ω 0 .
The second-order correction (7) appears to be linearly divergent. Such a divergence can be regularized by following a renormalization procedure analogous to that originally used by Bethe in his analysis of the Lamb shift in atomic physics [3, 5] . To second order in perturbation theory, the renormalized frequency difference between successive plasmonic energy levelsω 0 = (E n σ +1 − E n σ )/ is then independent of the quantum number n σ and readsω 0 = ω 0 +δ 0 , where the radiative frequency shift is given by (see Appendix A for details)
Here, ω c is an ultraviolet cutoff of the order of c/a, which corresponds to the wavelength below which the dipolar approximation used in Eq. (3) breaks down. With this choice of cutoff we have ω c /ω 0 = 1/k 0 a > 1, such that Eq. (8) corresponds to a blueshift (δ 0 > 0) of the LSP resonance frequency, in qualitative agreement with the result for the Lamb shift in atomic physics [3, 5, 34] . Furthermore, this radiative frequency shift increases for increasing nanoparticle size, as shown by the thin gray line in Fig. 2 . In the limit k 0 a 1, the single-particle radiative shift is approximately given by δ 0 2ω 0 (k 0 a) 4 /3π. We point out that the shift δ 0 is challenging to measure experimentally as it may be masked by other mechanisms leading to a renormalization of the Mie frequency ω 0 , such as retardation effects which become prominent for larger nanoparticles [8] . In stark contrast, the radiative frequency shift can be detected by analyzing the spectrum of a nanoparticle dimer, as we show below.
III. RADIATIVE FREQUENCY SHIFTS IN NANOPARTICLE DIMERS
We now consider a dimer formed by two identical spherical metallic nanoparticles of radius a with a center-to-center distance d along the z direction (see Fig. 3 ). In the regime
, the near-field quasistatic dipole-dipole interaction between the LSPs in each nanoparticle (with resonance frequency ω 0 ) results in hybridized plasmonic modes governed by the Hamiltonian
Here the bosonic Bogoliubov operator B σ τ (B σ τ † ) annihilates (creates) a coupled plasmonic mode with polarization σ (for the transverse modes σ = x, y; for the longitudinal ones σ = z). The eigenfrequencies read (see Refs. [22, 36] and Appendix B for details)
In the expression above, Ω = ω 0 (a/d) 3 /2 ω 0 , η x,y = 1 for the transverse modes, and η z = −2 for the longitudinal ones. The label τ distinguishes the high-(τ = +) and low-energy (τ = −) coupled plasmonic modes (see Fig. 1 ). Importantly, the high-energy transverse and low-energy longitudinal excitations correspond to symmetric bright modes coupled to the photonic environment. Conversely, the low-energy transverse and high-energy longitudinal modes are dark antisymmetric modes weakly coupled to light. As we will demonstrate in what follows, the bright modes experience a blueshift due to the interaction with the photonic environment, while the dark modes are slightly redshifted, as sketched in Fig. 1 . The total Hamiltonian H = H pl + H ph + H pl-ph of the dimer now includes the plasmonic term (9), the photonic one (2), and the coupling Hamiltonian H pl-ph , which is easily generalized from Eq. (3) to two nanoparticles located at R 1 and
The perturbative calculation of the radiative shifts proceeds along the line as that of a single nanoparticle (cf. Sec. II). As a result the renormalized frequency spectrum of the dimer reads ω 
In Eq. (12), Si(z) and Ci(z) denote the sine and cosine integrals, while
and
with k line) hybridized modes experience a blueshift due to the coupling to the photonic environment, whereas the dark modes are slightly redshifted (solid dark blue and dashed brown lines in Fig. 2 ). The bright modes experience an enhanced frequency shift compared to the single nanoparticle result (solid gray line), similar to the cooperative Lamb shift in many-atom systems [37, 38] . We have verified that in the limit of large interparticle distance (d a), all radiative shifts (11) asymptotically tend to the single-particle result (8) .
The radiative shifts (11) produce a renormalization of the plasmonic resonances in analogy with the single-particle case. These shifts are however difficult to detect in experiments as they are masked by additional size-dependent fluctuations in the LSP resonance frequencies. The presence of hybridized states in a dimer offers a way out of this problem by looking at the effect of the environment on the frequency splitting ∆ω σ =ω σ + −ω σ − between bright and dark modes. The most informative quantity revealing this effect is the dimensionless ratio ∆ω z /∆ω x,y . In the absence of the electromagnetic environment, ∆ω z /∆ω x,y = 2 (with ∆ω
is independent of the interparticle separation, up to quadratic corrections in Ω/ω 0 1. As sketched in Fig. 1 , the electromagnetic environment has opposite effects on the transverse and longitudinal modes, leading to an increase/decrease of the frequency splitting, respectively. This induces a pronounced deviation of ∆ω z /∆ω x,y with respect to ∆ω z /∆ω x,y , as shown in Fig. 4 where such a ratio is plotted as a function of the interparticle distance d for different nanoparticle radii a (solid colored lines in the figure). To be consistent with our dipolar approximation [35] , each colored line starts at d = 3a.
It is apparent from Fig. 4 that our results for ∆ω z /∆ω
x,y are essentially independent of the nanoparticle radius a, despite the clear size dependence of the radiative frequency shifts for individual dimer levels [cf. Eq. (11) and Fig. 2] , and sensitive to the interparticle separation d only. This unexpected result can be understood by performing a systematic expansion of Eq. (11) in Ω/ω 0 1 with k 0 a 1 and k 0 d 1, leading to the remarkably simple approximate expression (see Appendix C for details)
As can be seen from the dashed line in Fig. 4 , such a result is in excellent agreement with the exact expression, even when k 0 d is a significant fraction of unity. A legitimate question to address here is the robustness of the universal scaling found in the expression above against multipolar interactions of the LSPs with vacuum electromagnetic modes beyond the dipolar approximation in Eq. (3). Since, to leading order in k 0 a 1, the radiative shifts in Eqs. (8) and (11) scale as (k 0 a) 4 , it is to be expected that the next leading-order correction to these results goes, at least, as (k 0 a) 5 . This would yield an additional nonuniversal, adependent contribution of the order of (k 0 a) 2 (k 0 d) 3 to the ratio ∆ω z /∆ω x,y given in Eq. (16) (see Appendix C). Thus such nonuniversal corrections can be safely neglected as long as (k 0 a) 2 k 0 d, which is the case for the parameters used in Fig. 4 . We have further checked that Eq. (16) remains valid for a heterogeneous dimer where the two LSP resonance frequencies differ by δω, as long as δω Ω (see Appendix D). This may be key for the experimental detection of our predicted effect, as it is essentially insensitive to the precise size of the nanoparticles in the dimer and their respective resonance frequencies, and hence to the challenges involved in the nanofabrication of the sample.
IV. EXPERIMENTAL DETECTION
Our proposal first requires both the excitation and detection of the dark and bright plasmonic modes. While the latter can be readily accessed optically, the former requires the use of the EELS technique, which has recently achieved a remarkable resolution of the order of 10 meV [39] . Dark plasmonic modes in nanoparticle dimers [27] [28] [29] have already been successfully resolved using EELS. Alternatively, one may excite both bright and dark modes by optically driving one of the nanoparticles of the dimer only, or by using twisted light [40] .
The frequency splitting between bright and dark modes ∆ω σ can then be resolved as long as it is not significantly smaller than the linewidth γ
τ of the respective resonances. The latter quantity involves both the nonradiative Ohmic damping characterized by the decay rate γ O , and the size-dependent radiative damping (which results from the decay of a collective plasmon into photons) with rate γ σ,r τ . An explicit expression for γ σ,r τ can be found in Eq. (B12) of Ref. [36] and presents an a 3 dependence. The Landau damping (i.e., the decay of the collective modes into electron-hole pairs [7, 8, 12] ) has been evaluated for the case of a nanoparticle dimer in Refs. [22, 36] and scales as 1/a. This contribution can be neglected for the nanoparticle sizes we consider in this work.
In Fig. 5 we show the absorption spectrum A(ω) of the dimer system as a function of frequency ω and for increas-A(!) (arb. units) 
2 ] is assumed to be proportional, for a given polarization σ, to the sum of two Lorentzians centered atω σ ± and with full width at half maximum γ σ ± . In the figure, k 0 a = 0.2, which corresponds to Ag nanoparticles with Mie frequency ω 0 = 2.6 eV/ , radius a = 15 nm, and interparticle separation ranging from d = 45 nm to 75 nm. The value of the Ohmic decay rate is taken from experiments [41] . As can be seen from Fig. 5 , the bright and dark modes can be well distinguished up to separations of the order of k 0 d 0.8 (0.95) for the transverse (longitudinal) polarization. Therefore, our proposal of detecting radiative shifts in a nanoparticle dimer, which relies on the ratio ∆ω z /∆ω x,y of the frequency splittings between bright and dark modes (see Fig. 4 ), is within experimental accessibility. Moreover, there is scope for observing the approximate quartic d-dependence of ∆ω z /∆ω x,y predicted by Eq. (16). Control over the interparticle separation d can be achieved with a variety of experimental setups, including the nanofabrication of different samples [13] , the deposition of dimers on stretchable substrates [42] [43] [44] , or the use of a movable tip carrying one of the nanoparticles of the dimer [25, 26] .
V. CONCLUSION
We have proposed a dimer of metallic nanoparticles as an ideal testbed to observe the nanoplasmonic analog of the wellknown Lamb shift in atomic physics. While a single nanoparticle has a radiative frequency shift that may be too difficult to measure experimentally at present, the same effect in a dimer, which is characterized by having both bright and dark modes, is within current experimental reach. For a dimer, we have shown that the resonance frequencies of the bright modes experience a blueshift due to the coupling to the photonic environment, while the dark modes are redshifted. As a result, the frequency splitting between bright and dark modes is larger (smaller) for the transverse (longitudinal) modes as compared to those without coupling to the photonic environment. Remarkably, the ratio of splittings between the longitudinal and transverse polarizations has a universal quartic dependence on the interparticle separation alone that would otherwise be absent if the plasmon-photon coupling was ignored. This prediction offers the tantalizing prospect to be measured in cuttingedge nanoplasmonic experiments.
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We thank Stéphane Berciaud, François Gautier, Simon Horsley, and Guillaume Schull for stimulating discussions. In this Appendix, we comment on the renormalization procedure for the second-order correction (7) to the plasmon en-ergy levels in a single plasmonic nanoparticle, and provide details of the calculation of the resulting radiative frequency shift.
In the continuum limit where
(here, P denotes the Cauchy principal value), the secondorder correction (7) is linearly divergent. In order to regularize such a divergency, we follow Bethe's renormalization procedure in his analysis of the Lamb shift in atomic physics [3, 5] . First, we introduce an ultraviolet cutoff k c of the order of 1/a, which corresponds to the wavelength below which the dipolar approximation used in Eq. (3) breaks down. Secondly, one subtracts from Eq. (7) the energy shift corresponding to free electrons with the same energy. This quantity is found by taking the limit of vanishing transition frequency in Eq. (7), or equivalently ω 0 → 0 inside the summation only [3] . Thus we arrive at the renormalized energy shift
which is only logarithmically divergent with the cutoff k c , in analogy with the expression for the Lamb shift in atomic physics [3, 5] . To second order in perturbation theory, the renormalized frequency difference between successive plasmonic energy levels then readsω 0 = ω 0 + δ 0 , where the radiative frequency shift is given by
Carrying out the summation over photon polarization in Eq. (A2) via the relation
and transforming the wavevector summation into a principalvalue integral yields
The integral over ϕ is easily evaluated,
yielding for Eq. (A4)
with ω c = ck c , where ω c > ω 0 . The remaining integral over ω then gives the result of Eq. (8).
Appendix B: Radiative frequency shifts in homogeneous nanoparticle dimers
Here we provide details of the calculation of the radiative frequency shifts in a homogeneous metallic nanoparticle dimer (see Fig. 3 ), where the LSPs on each nanoparticle with (bare) resonance frequency ω 0 are coupled through the nearfield dipole-dipole interaction.
Hamiltonian of the system
The total Hamiltonian of the plasmonic dimer coupled to vacuum electromagnetic field modes reads as
The plasmonic Hamiltonian describing near-field coupled LSPs is defined in the Coulomb gauge [2, 30] as (for details, see Refs. [22, 36] )
where Ω = (ω 0 /2)(a/d) 3 (a is the nanoparticle radius and d is the center-to-center interparticle distance; see 
where The photonic environment in Eq. (B1) is described by the Hamiltonian (2), while the plasmon-photon coupling Hamiltonian is given in the long-wavelength limit (k 0 a 1) by
where R n corresponds to the location of the center of nanoparticle n, with R 2 − R 1 = dẑ (see Fig. 3 ). In Eq. (B5),
corresponds to the momentum associated with the LSPs in nanoparticle n, while the vector potential A is given by Eq. (5). In terms of the Bogoliubov operators (B3), the plasmon-photon coupling (B5) hence reads
Nondegenerate perturbation theory
Carrying out a perturbative calculation up to second order in the coupling Hamiltonian (B7), the plasmonic energy levels read E n σ τ = E 
where k z = k ·ẑ, and where the summation excludes the term for which ω k = ω σ τ . The same renormalization procedure [3, 5] as in the case of a single nanoparticle (see Appendix A) yields 
A lengthy, but straightforward calculation then gives the result of Eq. (11).
